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We give a new method to construct Ramanujan graphs and apply it to define two
new families of Ramanujan graphs. These new graphs have a very easy description
and we prove that they are Ramanujan graphs in an elementary way.  1997
Academic Press
1. INTRODUCTION
Let G be a connected graph on n vertices which is k-regular (i.e., every
vertex has k neighbors), n, k # N. Let A be the adjacency matrix of G and
let +0=k>+1+2 } } } +n&1 be the eigenvalues of A. Let +(G)=
max|+j | among all |+j |{k. There is an asymptotic limitation on how small
+ can be made:
Theorem (Alon and Boppana [A, 1986]). Let [Gn, k] be any family of
k-regular graphs on n vertices where k is fixed and n takes infinitely many
values in N, then
lim inf
n  
+(Gn, k)2 - k&1.
The well-known relations between the size of +(G) and the expansion
properties of a graph are a cause for the great interest in the explicit con-
structions of families of graphs [Gn, k], where k is fixed, n goes to infinity
and +(Gn, k)2 - k&1. The fact that k remains fixed is specially inter-
esting because in that case these graphs are sparse expanders. The first
explicit construction of these families of graphs was given by Margulis
[M, 1987] and Lubotzky, Phillips and Sarnak [LPS, 1988]; and other
later constructions were given in Chung [Ch, 1989] with Katz [K1, 1989],
Pizer [Pi, 1990], Chiu [C, 1992], Li and Feng [LF, 1992], Terras
[T, 1993] with Katz [K2, 1993], and Morgenstern [Mo, 1994]. All these
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constructions are connected with estimates on character sums, derived from
the Riemann hypothesis for curves over finite fields or its generalization to
varieties, proved by Weil and Deligne.
What is really difficult (and interesting) is to construct families [Gn, k]
with k fixed and n   (cfr. [Kl, 1984]). In spite of this, it is frequent in
the literature to consider the concept of Ramanujan graph: A connected
k-regular graph G on n vertices is called a Ramanujan graph if +(G)
2 - k&1. In this paper we construct a family of Ramanujan graphs of
degree p and cardinality p2. This construction is much easier and does not
give sparse expanders. Still, Ramanujan graphs of degree p and cardinality
p2 are of interest. For example, [Pi, 1990] gives a graph of order about
1,000,000, degree about 1,000 and girth 4. He writes it would require a
large amount of computing power to construct G explicitly. Let  be a
character of order 504 of Z1,009. Our graph L has order 1,000,072,
degree 1,008, girth 4 and in order to construct this graph we only have to
calculate the 1,008 powers of the primitive root 11 of the prime number
1,009. Bien [B. 1989, p. 5] and [Pi, 1990, p. 135] were interested in graphs
with these properties that are good expanders. Our L is a good expander
since it is Ramanujan.
The point of our construction is that it is particularly simple. We only
use the comparatively trivial estimates of Gaussian sums.
2. GRAPHS ASSOCIATED WITH MATRICES OF ROOTS
OF UNITY
Let C=(cj, k) be a q_q matrix. Suppose that each entry of C is a d-root
of unity or 0. Hence there exists d # N such that cdi, j # [0, 1]. We are going
to associate a graph GC to C in the following way.
Let X=[x1 , ..., xq] and Y=[ y1 , ..., yq] be two disjoint sets of q ele-
ments, and let Td be the set of all d-roots of unity.
The graph GC is a bipartite graph on the set of inputs X_Td and out-
puts Y_Td , in which (xj , %1) and ( yk , %2) are adjacent iff cj, k {0 and
%2=cj, k %1 .
Let ‘p=exp(2?id ). We order the set of inputs and outputs in the
obvious lexicographic order: (x1 , 1), (x1 , ‘p), (x1 , ‘2p), ..., (x1 , ‘
d&1
p ), (x2 , 1),
..., (x2 , ‘d&1p ), ..., (xq , ‘
d&1
p ), ( y1 , 1), ..., ( y1 , ‘
d&1
p ), ..., ( yq , ‘
d&1
p ). Let Sd be
the circulant d_d matrix whose first row is [0, 1, 0, ..., 0]. We can check
that the adjacency matrix of GC is
A=_ 0Bt
B
0&,
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were B is the matrix that is obtained from C if we substitute each entry
cj, k=exp(2?imd )=‘md by the d_d matrix S
m
d , and each entry cj, k=0 by
the d_d matrix 0.
Let M be the unitary d_d matrix with (n, m)-entry equal to (1- d )(‘nmd )
(1n, md&1). This matrix diagonalizes every S md . In fact,
M*S md M=diag(1, ‘
m
d , ‘
2m
d , ..., ‘
(d&1) m
d ).
Hence if W=diag(M, M, ..., M), the matrix W*AW is a matrix that,
after a convenient ordering of columns and rows, can be written as
diag(R0 , R1 , ..., Rd&1), where
Rm=_ 0C*m
Cm
0 &, Cm=(cmj, k).
If Cm is normal, each eigenvalue * of Cm gives two eigenvalues |*| and
&|*| of Rm . So, if Cm is normal for every m, the eigenvalues of the
adjacency matrix A of the graph GC are the numbers \|*|, were * are the
eigenvalues of the matrices Cm .
3. MATRICES WITH SMALL EIGENVALUES
The first example we give is the Schur matrix.
Fa=(e2?ianmp)0n, mp&1.
The set of eigenvalues and eigenvectors of this matrix is considered in
various papers [Mor], [AT] and [MP]. It is easy to see that Fa is nor-
mal. If (a, p)=1, the eigenvalues * of Fa satisfy |*|=- p. Furthermore if
a= p, the eigenvalues of Fp are p and 0.
We are not able to locate in the literature the matrix in which our
second example is based. Hence, before describing the graphs, we give the
simple proof of the technical facts needed in our proof. The notations and
results not explained here can be found in [LN]. Let Fq be the finite field
with q= pn elements ( p prime number). We consider the vector space
C(Fq) of complex valued functions defined on Fq . For every nontrivial mul-
tiplicative character  of Fq , we define an operator L : C(Fq)  C(Fq) as
L( f )(x)= :
y/Fq
(x+ y) f ( y),
where, as usual, we extend  to all Fq setting (0)=0.
Let / be an additive and  a multiplicative character of Fq ; then the
well-known Gaussian sum G(, /) is defined by x/Fq* (x) /(x).
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Proposition 1. Let / be a non trivial additive character of Fq and
=2=(&1). Then =/+/ is an eigenvector of L with eigenvalue =G(, /).
Proof. Observe that
L(/)(x)= :
y # Fq
(x+ y) /( y)
=/(x) :
y # F2
(x+ y) /(x+ y)
=/(x) G(, /).
Then we can write
L(=/+/ )==G(, /) / +G(, / ) /
==G(, /) / +(&1) G(, /) /
==G(, /)(=/+/ ).
Observe that, if p{2, the previous proposition gives us two different
eigenvectors for every non-trivial additive character /, but then / and /
give the same two eigenvectors. This amounts finally to q&1 eigenvectors.
The missing eigenvector is the trivial additive character /0(x)=1 that
corresponds obviously to the eigenvalue 0. In the case p=2, every additive
character satisfies / =/. So, in this case, every character is an eigenvector.
So the spectrum of the matrix ((x+ y))x, y # Fq is formed by the num-
bers 0 and - (&1) G(, /). Furthermore, it is know that |- (&1)
G(, /)|=- q.
Let p be a prime number and X=[x1 , x2 , ..., xp] and Y=[ y1 , y2 , ...,
yp] two disjoint sets of p elements. Denote by Fp the bipartite graph
with inputs X_Tp and outputs Y_Tp and in which (xn , %1) is adjacent
to ( ym , %2) if and only if %2=‘nmp %1 . This is a p-regular graph and has 2p
2
vertices. From the previous considerations if follows that if p is a prime
number, Fp is a Ramanujan graph. In fact, we can compute
Spec(Fp)=\p1
- p
p( p&1)
0
2( p&1)
&- p
p( p&1)
& p
1 + .
The first row of this matrix consists of the different eigenvalues of the
adjacency matrix of Fp and the second row is formed by the multiplicities
of this eigenvalues.
Let now Fq be a finite field with q= pn elements ( p an odd prime),  a
nontrivial multiplicative character of order d>1; that is, d is the least
positive integer such that d is the trivial character. Now consider the
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bipartite graph L with inputs and outputs two disjoint copies of Fq _Td ,
and where the input (x, %1) is adjacent to the output ( y, %2) iff x+ y{0
and %2=(x+ y) %1 . This is a (q&1)-regular bipartite graph with 2qd
vertices.
Let (x1 , %1) and (x2n , %2n) be an input and an output of L . Then there
is a chain (xj , %j)1 j2n in the graph connecting this two points if and
only if
%2n %&11 =((x1+x2)(x2+x3) } } } (x2n&1+x2n)).
As %2n%&11 # Td and  takes every value of Td , it is easy to see that L is
a connected graph.
As the order or  is d, the eigenvalues of the operators associated to  j
(1 jd&1) have absolute value - q, except one simple which is 0. For
j=d the operator is associated with the matrix
0 u u
_ ut J J&I & ,ut J&I J
where u is the vector [1, 1, ..., 1], J is a square matrix of order (q&1)2
with every entry equal 1, and I is the unit matrix of dimension (q&1)2.
It is easy to see that the eigenvalues of this matrix are the numbers q&1,
&1, and &(&‘q&1)a, (1aq&2), with eigenvectors
[1, 1, ..., 1], [&(q&1), 1, 1, ..., 1], and [0, ‘aq&1 , ‘
2a
q&1 , ..., ‘
(q&1) a
q&1 ].
Then, it follows that Spec(L) is the matrix
\q&11 - q(d&1)(q&1) 1q&1 02(d&1) &1q&1 &- q(d&1)(q&1) &(q&1)1 +.
Hence L is a Ramanujan graph.
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